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Intro: NNGP/NTK/MFT

 Neural Network Gaussian Process (NNGP)
*  Explicit connection to Bayesian Neural Nets (BNN)
Output of NN with m — oo is approximated with Gaussian Process based on second moment of
inputs
 No any training (and its dynamic) is included

 Neural Tangent Kernel (NTK):
 SGD training dynamics is considered
* Onlylinearization regime: weights during process are not changing much
 Have explicit analytical formulations for the output
* Have practical proof of concept even for CNN, but for small datasets / shallow networks

* Mean Field Theory (MFT):

 Higher order training dynamics is considered (not only first order Taylor)
 No any practical solutions for number of layers more than 2 (only existence theorems)
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Main points of the original paper?

* Behavior of DNN during SGD is described by a related neural tangent kernel (NTK)
* NTK only depends on the depth of the NN, activation function and initialization variance
* Values of DNN outside the training set are described by NTK

* Behavior of wide DNN is close to the theoretical limit

* Key property (Lazy training): training loss is decreasing to 0 with minimal movement of weights from their initialization
(linear dynamics)

* In contrast to “Mean-field” regime, where weights move according to non-linear dynamics

flx;0) = f(x;00) + (6 — 0o, Vo f(z;6p))

[1] Jacot, A., Gabriel, F., & Hongler, C. (2018). Neural tangent kernel: Convergence and generalization in neural networks
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Lazy regime

* Dynamics of NN weights during training

* yes, itis a gif?
e W € RlOXlO

[1] https://rajatvd.github.io/images/ntk/wim022 width10.gif
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Definitions

e Training set: (X,Y) = {(x;, )}, x € R?
* Neural Net: f: R% — R (output is logits), parametrized by weights
0

* f(x) = (21, ..., 2)"
e loss: L: R¢ - R

* Initialization: i.i.d. Gaussians N(0,1)
1

* Signal propagation on the layer [: Wx is always multiplied by -
-1

* This is not standard parametrization!

1 . e
— but Wx without any multiplication factor
-1

* In standard parametrization g%~
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SGD as the PDE

* SGD process: 041 = 0 —nVp L

* PDE:

atet — _VgtL —_ _aZL X agtf
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Linear regression intuition

* Regression task: L = %Z?’zl(f(xi) — v;)?

T

* Linear model: f(x) =w'x

~1
- Solution to Regression task: w = (XTX) XTY
* As a consequence of d,,L = 0

e Suppose that we are solving this task by SGD (as PDE)
» Dynamics of f: 8. f = —0;L X 8, f = =% — 8 f X (f —y) X Oy f

* For linear regression in matrix form, f = —XXT(f —Y)
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rbitrary function f for MSE loss (NTK ODE
solution)

* Linear Regression
e w = (XTX) XY
 f==XXT(f - V)

* For arbitrary function, f we’ll have f = —V,fV (f—-Y)=-06 Y
el S Al ) f f==VefVof (f — (f =Y),

* And the solutionis f(X) = e %' (fo(X) = Y) +Y
* For arbitrary point x, ifw = 6 — 0,:
* fG) = fox) + Vafo(x)(0 — o), W =—=Vafo(X)"(fo(X) + Vg fo(X)w — 1)
s =>w = =Tpfy(N)071(1 = e ) (£,(0) — ), limwe = — Vo fo ()01 (fo(X) — ¥)
* = f(x) = fox) + Vg folx)w,
= lm f(x) = fo(x) = Vp fo()Vpfo(X)TOT (fo(X) = ¥) = Vefo(X)Vefo(X)'07'Y,

 if we assume f,(X) =0 /

Remember it 8
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NTK: iterative solution?

. ga(yé)lc))r decomposition: f(0,x) = f(0y,x) + (Vgf(8y,x),0 — 0,), where 8, =
e Letu;(t) = f(6¢ x;), where 8, = 0(t), p(x) = Vof (6, x)
* Then the loss for regression becomes

* L(O) = -Z L(f0,x) —y)? = Z Li(((x), 0 — 6o) + u;(0) — ¥;)?

* |n combination with SGD updatlng rule 8(k +1) = 0(k) —nVyL(6(k)) we
can derive:

« 9(k) =0, — ZH (I — (I —nH)*)(w(0) — V), where Z = (¢p(xy), ..., p(xpy)), H = ZTZ
« If0 <n < 1/||H|, then 11m 0(k)=0*=60,—ZH *(u(0) —Y)

* And the solution is (87, x) ~ f(6y,x) + (ng(é?o x),—ZH Y (u(0) — Y))

* Suppose that on initialization outputs are close to zero: f (6, x;) = u;(0) = 0
*+ =>f(0",x) ~ p(x)"ZHY

[1] Hu, W., Li, Z., & Yu, D. (2019). Understanding generalization of deep neural networks trained with noisy labels.
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Reproducing Kernel Hilbert Space (RKHS)*

* RKHS: f,g € RKHS, ||f — gl|issmall & |f(x) — g(x)| is small for
all x

* Representer theorem:
* If positive-definite real-valued kernel k: X X X - R

* - 1
* If f* = argmingegpgnsu, [NZL(xi'yi'f(xi))]'
* Then f*(:) = Iivzl a;k(,x;)

[1] https://en.wikipedia.org/wiki/Reproducing_kernel Hilbert space
[2] https://en.wikipedia.org/wiki/Representer theorem

10
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NTK: RKHS solution?

* We can do it more elegantly by using RKHS

 If f* = argminsegpgps g, [%ZL(xi,yi,f(xi))], then by Representer Th.2 f*(-) =
Qii=1 Xk (:, x;)
e Then, L = ||Y — Oal|? - min, where ®i1i = k(x;,x)) =>a =071y
e And the solutioniis f*(x) = k(x,X)T071Y
* Inourcase L(0) = lZ{-V:l((gb(xl-), 0 — 0,) — y;)?, it means that we have
linearization of f with the kernel k(x, x') = (p(x),d(x")), where ¢p(x) =
Vo f (6o, x)
* Note, that f(x) = (f(:),k(-,x))and k(-,x) = ¢p(x) ,
» Positive definiteness: z[Vg fVofT12T = [2Vaf1[2Vaf1T = |I[2Vsf1l|” = 0
* Then f*(x) = k(x,X)TO~1Y| where @ = k(X, X) =
[VBf(HO»xi)VBf(BO»xj) Jij=1

* Th 0% x) = TZH=1Y, wh Tz =
qb(?c)s%r(ngbe(?ci{(...,gbx()x,\,) (=x)k(x, X), anvc\il I—?ridé XZ) =0

*

Remember!

Vofo(X)Vofo(X) 0¥
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NTK

» Define O(t): R? x R? — R x R as Eg[dg, f (x)0g, f (x')"]
92 f
aeiaej]

* NB: This is not Hessian Matrix! H = [
L,J
* Theoreml: when the width of the layers tend to infinity n; — oo, then
0(0) = O , and this @, depends only on:
* DNN depth
* Non-linearity o
* Variance of the initialization of 6
* Theorem2: for any t, when the width of the layers tend to infinity
n; — o, then O(t) - 0(0)
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NTK: formulas

1
E(l)(ﬁ’:}a’:’) _ _mef +ﬁ2
no

2ED (@,2') = By (om0 (F(@)o(f(@'))] + 52
oW (z,2') = 5V (z, )
0L (z,2') = O (2,2 ) S (2, ') + S (2, ),

B (2,2) = By _pr(o.m) [0 (F (@) & (F ()]

Note:
- Variation during training of individual activations in the hidden layers shrinks as their width grows
- Overall variation of activations is significant, which allows the parameters of the lower layers to learn

13
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Specific bounds for NTK

* Previously we have seen only limit theorems

e Later! it was expanded to more useful estimations layer width (here
L means number of layers in MLP):

* Initialization:
Theorem 3.1 (Convergence to the NTK at initializatoin). Fix € > 0 and § € (0,1). Suppose
o (2) = max(0, z) and miny ¢z d, > Q(I;—jl log(L/§)). Then for any inputs =, ' € R% such that
|lz|| < 1,||2'|| < 1, with probability at least 1 — § we have:

1

0 0,z o
‘<8féém)’af(aém)>_@(L)(m’m’) <e Note: e~d +
* Training convergence (need some small positive multiplier to have the
initial output near 0; here n=N):
fnn(g ,113) =Kf (B,CL') Theorem 3.2 (Equivalence between trained net and kernel regression). Suppose o (z) =
R TR max(0,z), 1/k = poly(1l/e log(n/éd)) and di = dy = -+ = dr = m with m >
Frn (mteu) = im0 frn (0(1), 2c) poly(1/k, L, 1/ Ao, n,log(1/0)). Then for any :clte € ]Rg with ||| = Ll, with probability at
Frtk (agte) — (kerntk (mte, X))T (H*)_l Y. least 1 — & over the random initialization, we have
‘fnn(mte) - fntk(mte” S €.
14

[1] Arora, S., Du, S. S., Hu, W., Li, Z., Salakhutdinov, R. R., & Wang, R. (2019). On exact computation with an infinitely wide neural net.



W2 HUAWEI

CNTK?

* Let input image of size P X 0,
C; - the number of channels
on layer [, convolutional filters
of size g X g, ¢, - variance of

o(x)
* Can have the GAP layer at the

end, but no MaxPooling
layers

CNTK formula. We let x, " be two input images.
e Fora=1,..., CO), (i,4,i,7") € [P] x [Q] x [P] x [Q], define

c®
KO @0 = i 02l and [30we] =S ([K@ar], )

17,17
e Forh € [L],
— For (i,7,7,7") € [P] x [Q] x [P] x [@Q], define
[E(h_l)(m’m)}zj ij (B D (2], i ) c R2%2.

AT(/}’L?EI 'I(m’ m,) p— — ’ — Zj"l
3,13 [E(h D (2, m)h,j,’ij [g(h (2, m/)]ﬂj,,ml

— Define K" (x,x'), K" (x,x') € REX@*P*Q: for (4, 7,7, j') € [P] x [Q] x [P] x [Q),

(KW (@) =% E o (w) o (v), an
17,1 q ('LL,U)’\JN(O7A§?1),L-J‘1/(m7m’))

[K(h>(m, mr)] _Z. E & (u) & (v)]. (12)
ity q (UVU)NN(()AE?’)”, (m,mf))

— Define XM (x, ") € RPX@*P*Q: for (4, 5,4/, §") € [P] x [Q] x [P] x [Q),
> z, :tr( K™ x, )
|: ( ):| ij,’i’j’ |: ( ):| Dij.’,iljl

1. First, we define @ ©) (z, z') = =) (z, 2').
2. Forh=1,..., L —1and (i,7,47,5") € [P] x [Q] x [P] x [Q], we define

[@(h)(m, a:')] o =tr ([K(h)(m,m') © 0" Vg 2"+ KM (x, a:’)} b ) :
Zj’lfjl ij,il g’

3. For h = L, we define @) (z, 2') = KW (z,2') © @L~D(z, x') + KL (z, ).
4. The final CNTK value is defined as tr (@)(L) (x, a:’)) i

15

[1] Arora, S., Du, S. S., Hu, W., Li, Z., Salakhutdinov, R. R., & Wang, R. (2019). On exact computation with an infinitely wide neural net.
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CNTK: results

* Still 5-6% performance gap between best CNTK and best CNN
* For some depths, CNTK provides better results than CNN

Depth | CNN-V | CNTK-V | CNTK-V-2K | CNN-GAP | CNTK-GAP | CNTK-GAP-2K
3 59.97% || 64.47% 40.94% 63.81% 70.47% 49.71%
4 60.20% || 65.52% 42.54% 80.93% 75.93% 51.06%
6 64.11% || 66.03% 43.43% 83.75% 76.73% 51.73%
11 69.48% | 65.90% 43.42% 82.92% 77.43 % 51.92%
21 75.57% | 64.09% 42.53% 83.30% 77.08% 52.22%

Table 1: Classification accuracies of CNNs and CNTKs on the CIFAR-10 dataset. CNN-V represents
vanilla CNN and CNTK-V represents the kernel corresponding to CNN-V. CNN-GAP represents
CNN with GAP and CNTK-GAP represents the kernel correspondong to CNN-GAP. CNTK-V-2K
and CNTK-GAP-2K represent training CNTKs with only 2,000 training data.
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CNTK: augmentation added-

* CNTK+GAP is equivalent to CNTK with full translation data augmentation
with wrap-around at the boundary, but such a translation could produce
unrealistic images => Local Average Pooling (LAP) layer was proposed

(small translation, e.g. by a few pixels)

* Instead of input augmentation, augmented kernel (under group a group
() is proposed: K9 o) =E,K(g(x).2/) => Ocar (m,mf):%@gc (@.2) G={Ti;}0herx@)

» Equivariant kernel under a group G: Vg € G = K(g(x),g(x")) =
K(x,x")

Theorem 4.1. Given a group G and a kernel K such that K is equivariant under G, then the

prediction of augmented kernel K9 with dataset (X, y) is equal to that of kernel K and augmented
dataset (Xg,yg). Namely, for any ' € RP*@xC Zf\:l K9 (', z;) = fo;e[N],geg a; K(z', g(x;))

where o = (K%)_l Yy, o= (Kxg)_l Yg.

Corollary 4.1. For G = {7} jyeipx[q], for any given dataset D, the prediction of Xgap (or
Ocap) with dataset D is equal to the prediction of Xrc (or O fc) with augmented dataset D .

[1] L, Z., Wang, R., Yu, D., Du, S. S., Hu, W., Salakhutdinov, R., & Arora, S. (2019). Enhanced convolutional neural tangent kernels.

17
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CNTK+LAP results

* +4% in comparison to CNTK+GAP w/o preprocessing

* Matching AlexNet on CIFAR-10

* +11% in comparison to CNTK+GAP w/ preprocessing

* Now the strongest classifier which is not the trained CNN

) 5 8 11 14
0 | 66.55 (69.87) 66.27 (69.87) 65.85 (69.37) 65.47 (68.90)
4 | 77.06 (79.08) 77.14 (78.96) 77.06 (78.98) 76.52 (78.74)
8 | 79.24 (80.95) 79.25 (81.03) 78.98 (80.94) 78.65 (80.35)
12 | 80.11 (81.34) 79.79 (81.28) 79.29 (81.14) 79.13 (80.91)
16 | 79.80 (81.21) 79.71 (81.40) 79.74 (81.09) 79.42 (81.00)
20 | 79.24 (80.67) 79.27 (80.88) 79.30 (80.76) 78.92 (80.39)
24 | 78.07 (79.88) 78.16 (79.79) 78.14 (80.06) 77.87 (80.07)
28 | 76.91 (78.69) 77.33 (79.20) 77.65 (79.56) 77.65 (79.74)
32 | 76.79 (78.53) 77.39 (79.13) 77.63 (79.51) 77.63 (79.74)

Table 1: Test accuracy of CNTK on CIFAR-10.

=l . s ==l ﬁ | ﬁ ‘
BEEgE DIEEE
=] e e e ad 1
ceE=xE =HIEER
A g =N AN =i &l
mEER =SHREE
B~ AN AN &
Emees SaSalE
(a) GAP (b) LAP with ¢ = 4
Taia; = (A, Aj) € [—¢, c] x [—¢, (]
. d ) 3 11 14
4 | 84.63 (36.64) 84.07 (36.23) 83.29 (85.53) 82.57 (34.81)
8 | 86.36 (88.32) 85.80 (87.81) 85.01 (87.08) 84.57 (86.53)
12 | 86.74 (88.35) 86.20 (87.90) 85.60 (87.36) 84.95 (86.99)
16 | 86.77 (88.36) 86.17 (87.85) 85.60 (87.44) 84.92 (86.98)
20 | 86.17 (87.77) 85.71 (87.50) 85.14 (87.07) 84.59 (86.84)

Table 5: Test accuracy of additional pre-processing + CNTK on CIFAR-10.

18
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Comparison of architectures under NTK
regime

* FC < Vanilla CONV < ResNet oo o R
* NTK is more precise than NNGP 0-75- ]

s 0.70-
* Vanilla CONV is better than FC 5 0.65-

c
,8 0.60 -

* ResNet is better than Vanilla CONV € 0.55-

= e FC-NTK
n -
wn 0.50 =« FC-NNGP

8 0_45_ e CONV-NTK
= + CONV-NNGP
0.40 - == WRESNET-NTK
=« WRESNET-NNGP
0.35+

26 2'7 2'8 2'9 2'102'112'122'132'1421'_5
Training Set Size

19
[1] Novak, R., Xiao, L., Hron, J., Lee, J., Alemi, A. A., Sohl-Dickstein, J., & Schoenholz, S. S. (2019). Neural tangents: Fast and easy infinite neural networks in python.
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NTK and NNGP connection

* Tl;dr linearized NN behaves as the Gaussian dependent on the NTK ®

) = 1(6) + Vosoe)oa,
K (z,2') = lim E [fé(m) 'fg(xf)]

min(ni,..., nr)—oo

Corollary 1. For every test points in x € Xp, andt > 0, ft”"’(x) converges in distribution as width
goes to infinity to a Gaussian with mean and covariance given by

w(Xr) =0 (X, X) 07" (1- 7)Y, (14)
S(Xr, Xr) = K (Xr, Xr) + 6(Xr, X)6™? (1 g e (1 ‘"@t) o~'e (X, Xr)
— (G(XT,X ( ‘"e’f) K (X, Xr) + h. c) (15)

Therefore, over random initialization, lim;_, . lim,, f””(:ﬁ) has distribution

N(©(Xr,x)071Y,
K (X7, Xr) + ©(Xr,X)07'KO™'0 (X, Xr) — (6(Xr, X)O 'K (X, Xr) + h.c.)). (16)

[1] Lee, J., Xiao, L., Schoenholz, S., Bahri, Y., Novak, R., Sohl-Dickstein, J., & Pennington, J. (2019). Wide neural networks of any depth evolve as linear models under gradient descent.

h.c. means “Hermitian conjugate”

20
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NTK: another estimations

* Tl;dr linearized NN behaves as the Gaussian dependent on the NTK ®

Theorem 2.1 (Informal). Let ny = --- = np = n and assume \pin(©) > 0. Applying gradient
descent with learning rate 1 < Neritical (0r gradient flow), for every x € R™ with ||z||2 < 1, with
probability arbitrarily close to 1 over random initialization,

ln 16 — 6o,

o) = @l

(i)t—(i)oHF_O(n-%), as n—oo. (17)

1
Note, e~n 2

[1] Lee, J., Xiao, L., Schoenholz, S., Bahri, Y., Novak, R., Sohl-Dickstein, J., & Pennington, J. (2019). Wide neural networks of any depth evolve as linear models under gradient descent.

21
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NTK: what about CE-loss?

* Tl;dr no close form solution, only analytical ODE. And numerical solving

(disaster...)

N i i _exp(f?) DO _ (i i
() == v losa(f). o(f) = s o a5 = 0(0") —y
fie) = Veli@) g = —1vefi@) 5 5 [Vasi o Xe0)]

J (z,y)eD

=1 Y D Vefi@Vofi () (o(fi(2) ~ )

(z,y)ED 7
Let U (2, X) = Vo fi(2)Vof?(X)T. The above is

ft(-’Y) = —ﬁét(X:X) (o(fe(X)) =)
fi(x) = —nO4(z, X) (o (f:(X)) = V)

22

[1] Lee, J., Xiao, L., Schoenholz, S., Bahri, Y., Novak, R., Sohl-Dickstein, J., & Pennington, J. (2019). Wide neural networks of any depth evolve as linear models under gradient descent.
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NTK: about parametrization

* Tl;dr NTK parametrization can be standardized!

Parameterization Standard (naive) NTK Standard (improved)
Layer equation, z'*! = | Wizl + ! \/%Wlxz + opb! \%Wﬂl‘i +0b

Weight shape, Wle | RSN xsN'

W initialization, W. ~ | A/ (0} "Tw) N(0,1) N (0, ;’V—w)
b initialization, bt ~ | N (0,07) N(0,1) N(0,07)
NTK, s — oo, ©'F! = | diverges o2 K' + o} + 026! NK' 41+ 026!

1
° i S ?
But Why we needed this factor N dnyway':

[1] Sohl-Dickstein, J., Novak, R., Schoenholz, S. S., & Lee, J. (2020). On the infinite width limit of neural networks with a standard parameterization.

23
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NTK: about parametrization

1
[ J i ?
But why we needed this factor 7 anyway?

* Suppose output of some layer is z = z(X, 8) € R**™, where d=input dimension,
m=layer width

* NNGP kernel K, = Eg[z;z] ], NTK kernel 0, = Eg[—=

c lety = \/—_ZW where W € R™* ™ y € R4*™

* Then K, = Ey g|viy{ | = —IEWQ[ZLWWT [ |, byi.i.d N(0,1): —IEW[WWT] I
» => K, = Eg|z;z{ | = K,, and no dependency on m — o !
* The same calculations for ©,, = K, + 0,

* Note: .
* NTK regime: .9 — 0,0 = const ifm —» o
e Stdregime: 0 +# 0,0 > ©0ifm - o

0z; azl

:_ - d
30 26 |, for i-th neuron: z; € R

24
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NTK: about classification

* How to use MSE loss for classification?

* Approach 1: one-hot encodingy = (0, ..., 1, ..., 0)

* Approach 2: zero-centered one-hot encoding y =
1 C-1 1
(— S T e T E)’ where C=number of classes

e And then.. MSE loss!

25
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NTK: sort of Lipschitz smoothness property?

* NTK has the Holder smoothness property
e LletO(x,x') =< . (x), P,(x") >, where n = L (number of layers)
* Then Holder smoothness property is:

Lemma 11 (Norm and smoothness of ®,,). We have ||®,,(x)| < v/n + 1|z, and
[@n(2) = @n(2))]| < (n+ Dz — 2| + 0@ )/ ||l — 2/]|.

[1] Bietti, A., & Mairal, J. (2019). On the inductive bias of neural tangent kernels.

26
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NTH?!: Neural Tangent Hierarchy

* NTK vs DNN: about 5% GAP?

e Because in fact NTK is changing
annél training due to the finite
width effect

 Solution: NTH - infinite
hierarchy of ODE, which can
grasp the learning data-
dependent features

* NTH is (here n = N the
nurgber of samples and
K@) = 0):

[1] Huang, J., & Yau, H. T. (2019). Dynamics of deep neural networks and neural tangent hierarchy.

Theorem 2.3. Under Assumptions 2.1 and 2.2, there exists an infinite family of operators Kt(r) X7 — R for
r = 2, the continuous time gradient descent dynamic is given by an infinite hierarchy of ordinary differential
equations, i.e., the NTH,

1 T (2)
alt) = Ya) = —— K To, Xy a(t) —yg), 21
OUIolt) =) = =5 DKL ) f3(0) = 10), 2.1)
and for any r = 2,
I~ (r
atﬂt( )(,’L'(_rla-rmz I .’l';(_yr) = —— Z Rt( +l) (mal! 3;(121 e :37:1,‘- mﬁ)(fﬁ'(t) _ Uﬁ)- (22)

n
A=1

There exists a deterministic family (independent of m) of operators A x" SR for2<r<p+1 and
&) =0 if r is odd, such that with high probability with respect to the random initialization, there exist some
constants C,C" > 0 such that

) c
(1) R (Inm) .
Ky ' — mr/2=1|| "~ D)2 (2.3)
and for 0 <t < mT 0 /(Inm)®,
(r (Inm)®
157 e £ 5 2.4

27

[2] Arora, S., Du, S. S., Hu, W., Li, Z., Salakhutdinov, R. R., & Wang, R. (2019). On exact computation with an infinitely wide neural net.
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NTH?!: Neural Tangent Hierarchy

* In [2] it has been experimentally noted that change of NTK is about O(i),
whelre m is the layer width, while by theoretical estimations it should Bé

0(7=)
* Here we have the theoretical proof of this experimental fact

Corollary 2.4. Under Assumptions 2.1 and 2.2, the NTK I{fm(‘, -) varies at a rate of order O(1/m): with
high probability with respect to the random initialization, there exist some constants C,C" > 0 such that for

!

0 <t <m0 /(lnm)®, it holds

(1+t)(Inm)° .

(2
Hatht( )Hoc S
m

[

e Convergence guarantees (L-number of layers) if m = 0(n320(L)):

n

D _(f5(t) — yp)* S me” =

p=1

[1] Huang, J., & Yau, H. T. (2019). Dynamics of deep neural networks and neural tangent hierarchy. 28
[2] Lee, J., Xiao, L., Schoenholz, S., Bahri, Y., Novak, R., Sohl-Dickstein, J., & Pennington, J. (2019). Wide neural networks of any depth evolve as linear models under gradient descent.



W2 HUAWEI

NTK: Finite-width NN and NTK change!

* More rigorous estimation of change of NTK in form of 0(\/%_1)

* Theorem 1: If% > 0, then 04(x, x) is not approximately

. o E[0g(xx)]? % L
deterministic at initialization: E0, 0 € (1+0 (mz))

2
* Theorem 2: IfL—d > 0, then 0;(x, x) is evolving during training:

m
E[0:0¢(xx)]* L* 5—n{: L
E[O¢(x,x)?2] md € (1 +0 (mz))

[1] Hanin, B., & Nica, M. (2019). Finite depth and width corrections to the neural tangent kernel.
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W2 HUAWEI

NTK and ResNet!

* Previous theoretical results for ResNets:
* No spurious local optima (all local extremums are close to global)
* Training requires weaker conditions compared with MLP

* More tight requirements on the width of the layer (exponential =>
polynomial):

n

* Convergence guaranteesm = O(n3L%): Y (fa(t) —yp)* Sne %
p=1

e => For ResNet we can build much more layers (and it is really so!) than for
usual DNN

[1]Li,Y., Luo, T., & Yip, N. K. (2020). Towards an Understanding of Residual Networks Using Neural Tangent Hierarchy (NTH).
[2] Hardt, M., & Ma, T. (2016). Identity matters in deep learning.
[3] Du, S., Lee, J,, Li, H., Wang, L., & Zhai, X. (2019, May). Gradient descent finds global minima of deep neural networks.
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NTK: real current gap with finite width NN-

. o . Architecture Dataset Standard Linearized Generalization gap
* Finite width matters LeNet MNIST 99.2 93.2 6.0
LeNetx60 MNIST 99.4 98.9 0.5
LeNet CIFAR-10 62.5 42.3 20.2
LeNetx60 CIFAR-10 78.8 65.6 13.2
VGG-11x6 [3] CIFAR-10 89.7 61.7* 28.0
ResNet-18x8 [3] CIFAR-10 91.0 56.7* 34.3
21 layer CNN-V [1] CIFAR-10 75.6 64.17 11.5
21 layer CNN-GAP[!] CIFAR-10 83.3 77.17 6.2
AlexNet ImageNet (subset) 53.8 35.2 18.6
AlexNetx4 ImageNet (subset) 57.0 39.2 17.8
CIFAR-10, LeNet
@ * . ® o 100 -
. c
>
* g 801 . . .
* S . N
* L ]
e Standard 5 0 x X
* % Linearized 2 *
*l T T T T T 40 * T T T T T
1 2 5 10 25 60 1 2 5 10 25 60

Train accuracy in %

=
o
o

0]
o

(=2}
o

B
o

Hidden Layer Width Multiple (h x factor)

Hidden Layer Width Multiple (h x factor)

[1] Samarin, M., Roth, V., & Belius, D. (2020). On the Empirical Neural Tangent Kernel of Standard Finite-Width Convolutional Neural Network Architectures.
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2 HUAWEI

NTK: training time prediction?

* We can estimate loss for the lazy training regime using NTK:

L= (¥~ fo(X)Te 219Uy — fo(X))

* And even more efficiently estimate ®

TT error

Proposition 2 Let S = V, fu,(X)T V[0 (X) be the second moment matrix of the gradients and
let S = UXUT be the uncentered PCA of the gradients, where 3. = diag(Ay,...,A\p,0,...,0) is
a D x D diagonal matrix, n < min(N, D) is the rank of S and \; are the eigenvalues sorted in
descending order. Then we have

D

L= e ™Sy - vy)?, (5)

k=1

where \pvy = (g; - uk)f\il is the N-dimensional vector containing the value of the k-th principal
component of gradients g; and 0y =Y — fo(X).

20.0 B Surfaces B Surfaces 50 Bl Surfaces
~| mm ciFar100 175 == CIFAR100 mmm CIFAR100
17.5{ HEE Aircrafts 150 B Aircrafts 20 B Aircrafts
. Mit67 ' - Mit67 - Mit67
1501 mmm CUB200 125 W CUB200 L | = cus200
155 HEE CIFAR10 o mm CIFAR10 O 30{ WEE CIFAR10
oo m Cars & 100 b s Cars
7.5 20
F E
5.0 5.0
10
2.5 2.5
0.0 0.0 )
100 250
LR Batch Size Dataset Size

[1] Zancato, L., Achille, A., Ravichandran, A., Bhotika, R., & Soatto, S. (2020). Predicting Training Time Without Training.




W2 HUAWEI

NTK: text processing and attention?

 NTK with attentions layers
* For CV and text processing tasks

Table 1. Overview of the discussed kernels. The d column refers to the d~* and d~'/* scaling of the Q(z)K (). (&, é) denote the
input and (x, ©) the output NNGP and NTK kernels. NNGP and NTK columns are stated as updates for full d° x d° covariance blocks

KERNEL d NNGP NTK
1 cxryoxx frox’s\T 2 zz' ~rT (:jl'z’ =z \T
CRTT)R™® (R ™) KT 4 ((R™T) C(R™ ™)
VANILLA 2 _ _ ,
1 e AkZE 4 (R 2877 O 4 O1F {r ) p
RANDOM 1 ¢(T7 0 R®®)[T 0 R**'|¢(Ty 0 R%'2)T 267 4 ((Tg 0 R*®)[T; 0 ©72'|¢(Tr 0 &%) T
PosiTIONAL , 2 , , . _ ., ,
ENCODING : I; o &%2'||Z; o 2 4637 4 (Iy 0 &%, 2[T1 0 R2E'1T; 0 ©7F + [I; 0 ©%F1T; 0 R ) p
STRUCTURED 1 ((Z o &%%)[T% o 52 |((T o k') T 2677 4 ((T 0 &%2)[T 0 72" |¢(T o RT'2")T
POSITIONAL ’ ' / ~ s ~ ’
T I | ~zxx ~ LT T T ~TT
ENCODING ! Toi® (Ttofwe’ Togea'yp Akgy +(TP ok o [To 'ﬂab’}IO 9~ ’+ [To®gh [Tor™ )F
+(ToR™ |[ToRlf T 0c®™ )p
RESIDUAL - i 4 (1 — a)R&*® RT 2(1 — o)k +a®* 4 (1 — a)RO** RT
LAYERNORM  — reg Rergy'] 1/ 627 (62268, 71/

[1] Hron, J., Bahri, Y., Sohl-Dickstein, J., & Novak, R. (2020). Infinite attention: NNGP and NTK for deep attention networks.

fa) = c(

Attention layer:

queries Q(z) :== W<, keys K(x) := 2W¥, and values
V(z) :== WV as usual. The attention layer output is then

Qz)K(x)'
Vd

)V(as) — (C)V(), )

where ( is the row-wise softmax function.

Table 2. CIFAR-10 test accuracies of attention kernels and ex-
isting NNGP/NTK alternatives. The standard S0K/10K train/test

KERNEL NNGP NTK
FLATTEN 65.54 66.27
GAP (YU ET AL., 2020) 77.85 77.39
LAP (YUET AL., 2020) 80.36 79.71
STRUCT 80.55 79.93
RESIDUAL 80.72 80.10

Table 3. IMDb sentiment classification, test accuracies of
simple NNGP/NTK models on the 25K/25K train/test split using
GloVe word embeddings (Pennington et al. (2014); 840B.300d).

KERNEL NNGP NTK

GAP-ONLY — 8498 -—

GAP-FCN 85.82 85.80

STRUCT 86.09 86.09
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W2 HUAWEI

Neural Tangents: NTK in Python

 Learning path: JAX! => STAX? => Neural Tangents3
* JAX: composable functions transformations (e.g., grad or jit)
» STAX: neural net specification library

* NT: NTK! (+NNGP) Example of STAX CONV NN definition

from neural_tangents import stax

def ConvolutionalNetwork(depth, W_std=1.0, b_std=0.0):
layers = []
for _ in range(depth):
layers += [stax.Conv(1, (3, 3), W_std, b_std, padding='SAME'), stax.Relu()]
layers += [stax.Flatten(), stax.Dense(l1, W_std, b_std)]
return stax.serial(xlayers)

[1] https://github.com/google/jax
[2] https://github.com/google/jax/blob/master/jax/experimental/stax.py 34
[3] https://github.com/google/neural-tangents
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W2 HUAWEI

Neural Tangents: what can be estimated

NTK+MSE

from neural_tangents import stax

init_fn, apply_fn, kernel_fn = stax.serial(stax.Dense(512), stax.Relu(), stax.Dense(10))

from jax.numpy.linalg import inv

y_test = kernel_fn(x_test, x_train).ntk @ inv(kernel_fn(x_train, x_train).ntk) @ y_train

import neural_tangents as nt
predictor = nt.predict.gradient_descent_mse(kernel_fn(x_train, x_train), y_train,

fx_train, fx_test = predictor(training_time, fx_train, fx_test)

NTK+ODE

import neural_tangents as nt
predictor = nt.predict.gradient_descent_mse(kernel_fn(x_train, x_train), y_train,

fx_train, fx_test = predictor(training_time, fx_train, fx_test)

NTK+Monte-Carlo

from jax import random
from jax.experimental import stax
import neural_tangents as nt

init_fn, apply_fn = stax.serial(stax.Dense(64), stax.BatchNorm(), stax.Sigmoid, stax.Dense(1))
kernel_fn = nt.monte_carlo_kernel_fn(init_fn, apply_fn, key=random.PRNGKey(1), n_samples=128)
kernel = kernel_fn(x_train, x_train)
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Neural Tangents: what is supported and what

IS hot

The following layers’ are currently implemented, with translation rules

.
.

The following layers do not have a known closed-form solution for infinite network covariances,

and networks with them have to be estimated empirically (provided with out implementation via .
nt.monte_carlo_kernel_fn ) or using other approximations (not currently implemented): .
» Sigmoid, Tanh,' Swish,’ Softmax, LogSoftMax, Softplus, MaxPool . .

serial

parallel

FanQut

FanInSum

Dense

Conv * with arbitrary filter shapes, strides, and padding
Relu

LeakyRelu

Abs

ABRelu ',

Erf

Identity

Flatten

AvgPool

GlobalAvgPool
GlobalSelfAttention (Hron et al., 2019)

LayerNorm

The following is in our near-term plans:

SumPool
Dropout
FanInConcat

Exp, Elu, Selu, Gelu
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Challenging problems

Million/Billion-sampled training dataset scale (ImageNet)
Online Augmentation of any type (not just translation)
Other tasks than just regression / classification

CE and other losses (not just MSE)

Modern layers (BN, MaxPool) and architectures (Vision Transformer)
Compute requirements of infinite NNs

A S

Architecture —
Dataset size |

0(100) éﬂi

CIFAR10: (
0(10,0009 O(1) GPU-hours | O(1000) GPU-hours |

0(1,000,000)

Fully-connected CNNs CNNs w/ pooling

[1] https://iclr.cc/virtual 2020/poster SkID9yrFPS.html
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Thanks!



