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Intro: NNGP/NTK/MFT
• Neural Network Gaussian Process (NNGP)

• Explicit connection to Bayesian Neural Nets (BNN)
• Output of NN with 𝑚 → ∞ is approximated with Gaussian Process based on second moment of 

inputs
• No any training (and its dynamic) is included

• Neural Tangent Kernel (NTK):
• SGD training dynamics is considered
• Only linearization regime: weights during process are not changing much
• Have explicit analytical formulations for the output
• Have practical proof of concept even for CNN, but for small datasets / shallow networks

• Mean Field Theory (MFT):
• Higher order training dynamics is considered (not only first order Taylor)
• No any practical solutions for number of layers more than 2 (only existence theorems)
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Main points of the original paper1

• Behavior of DNN during SGD is described by a related neural tangent kernel (NTK)

• NTK only depends on the depth of the NN, activation function and initialization variance

• Values of DNN outside the training set are described by NTK

• Behavior of wide DNN is close to the theoretical limit

• Key property (Lazy training): training loss is decreasing to 0 with minimal movement of weights from their initialization 
(linear dynamics)

• In contrast to “Mean-field” regime, where weights move according to non-linear dynamics

[1] Jacot, A., Gabriel, F., & Hongler, C. (2018). Neural tangent kernel: Convergence and generalization in neural networks
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Lazy regime

• Dynamics of NN weights during training
• yes, it is a gif1

• 𝑊 ∈ ℝ10×10
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[1] https://rajatvd.github.io/images/ntk/wim022_width10.gif

https://rajatvd.github.io/images/ntk/wim022_width10.gif


Definitions
• Training set: 𝑋, 𝑌 = 𝑥𝑖 , 𝑦𝑖 𝑖=1

𝑁 , 𝑥 ∈ ℝ𝑑

• Neural Net: 𝑓:ℝ𝑑 → ℝ𝑐 (output is logits), parametrized by weights 
𝜃

• 𝑓 𝑥 = 𝑧1, … , 𝑧𝑐
𝑇

• Loss: 𝐿:ℝ𝑐 → ℝ

• Initialization: i.i.d. Gaussians 𝑁(0,1)

• Signal propagation on the layer 𝑙: 𝑊𝑥 is always multiplied by 
1

𝑛𝑙−1
• This is not standard parametrization!

• In standard parametrization 𝜎2~
1

𝑛𝑙−1
, but 𝑊𝑥 without any multiplication factor
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SGD as the PDE

• SGD process: 𝜃𝑡+1 = 𝜃𝑡 − 𝜂𝛻𝜃𝑡𝐿

• PDE: 𝜕𝑡𝜃𝑡 = −𝛻𝜃𝑡𝐿 = −𝜕𝑧𝐿 × 𝜕𝜃𝑡𝑓
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Linear regression intuition
• Regression task: 𝐿 =

1

𝑁
 𝑖=1
𝑁 𝑓 𝑥𝑖 − 𝑦𝑖

2

• Linear model: 𝑓 𝑥 = 𝑤𝑇𝑥

• Solution to Regression task: 𝑤 = 𝑋𝑇𝑋
−1
𝑋𝑇𝑌

• As a consequence of 𝜕𝑤𝐿 = 0

• Suppose that we are solving this task by SGD (as PDE)

• Dynamics of 𝑓: 𝜕𝑡𝑓 = −𝜕𝑓𝐿 × 𝜕𝑤𝑓 =
2

N
 − 𝜕𝑤𝑓 × 𝑓 − 𝑦 × 𝜕𝑤𝑓

• For linear regression in matrix form,  𝑓 = −𝑋𝑋𝑇(𝑓 − 𝑌)
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Arbitrary function 𝒇 for MSE loss (NTK ODE 
solution)
• Linear Regression 

• 𝑤 = 𝑋𝑇𝑋
−1
𝑋𝑇𝑌

•  𝑓 = −𝑋𝑋𝑇(𝑓 − 𝑌)

• For arbitrary function 𝑓 we’ll have  𝑓 = −𝜵𝜽𝒇𝜵𝜽𝒇
𝑻 𝑓 − 𝑌 = −Θ(𝑓 − 𝑌), 

where 𝚯 = 𝜵𝜽𝒇𝜵𝜽𝒇
𝑻

• And the solution is 𝒇(𝑿) = 𝒆−𝚯𝒕 𝒇𝟎(𝑿) − 𝒀 + 𝒀
• For arbitrary point 𝑥, if 𝑤 = 𝜃 − 𝜃0: 

• 𝑓 𝑥 ≈ 𝑓0 𝑥 + 𝛻𝜃𝑓0(𝑥)(𝜃 − 𝜃0),  𝑤 = −𝛻𝜃𝑓0 𝑋 𝑇(𝑓0 𝑋 + 𝛻𝜃𝑓0 𝑋 𝑤 − 𝑌)
• => 𝑤 = −𝛻𝜃𝑓0 𝑋 𝑇Θ−1(𝐼 − 𝑒−Θ𝑡)(𝑓0 𝑋 − 𝑌), 𝐥𝐢𝐦

𝒕→∞
𝒘𝒕 = − 𝜵𝜽𝒇𝟎 𝑿 𝑻𝜣−𝟏(𝒇𝟎 𝑿 − 𝒀)

• => 𝑓 𝑥 ≈ 𝑓0 𝑥 + 𝛻𝜃𝑓0 𝑥 𝑤, 
• => 𝒍𝒊𝒎

𝒕→∞
𝒇𝒕 𝒙 =𝑓0 𝑥 − 𝛻𝜃𝑓0 𝑥 𝛻𝜃𝑓0 𝑋 𝑇Θ−1 𝑓0 𝑋 − 𝑌 = 𝜵𝜽𝒇𝟎 𝒙 𝜵𝜽𝒇𝟎 𝑿 𝑻𝜣−𝟏𝒀,

• if we assume 𝑓0 𝑋 = 0
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NTK: iterative solution1

• Taylor decomposition: 𝑓 𝜃, 𝑥 ≈ 𝑓 𝜃0, 𝑥 + 𝛻𝜃𝑓 𝜃0, 𝑥 , 𝜃 − 𝜃0 , where 𝜃0 =
𝜃(0)

• Let 𝑢𝑖 𝑡 = 𝑓 𝜃𝑡, 𝑥𝑖 , where 𝜃𝑡 = 𝜃(𝑡), 𝜙 𝑥 = 𝛻𝜃𝑓 𝜃0, 𝑥

• Then the loss for regression becomes: 

• 𝐿 𝜃 =
1

2
 𝑖=1
𝑁 𝑓 𝜃, 𝑥𝑖 − 𝑦𝑖

2 ≈
1

2
 𝑖=1
𝑁 𝜙(𝑥𝑖), 𝜃 − 𝜃0 + 𝑢𝑖(0) − 𝑦𝑖

2

• In combination with SGD updating rule 𝜃 𝑘 + 1 = 𝜃 𝑘 − 𝜂𝛻𝜃𝐿(𝜃 𝑘 ) we 
can derive:
• 𝜃 𝑘 = 𝜃0 − 𝑍𝐻−1 𝐼 − 𝐼 − 𝜂𝐻 𝑘 𝑢 0 − 𝑌 , where 𝑍 = (𝜙 𝑥1 , … , 𝜙 𝑥𝑁 ), 𝐻 = 𝑍𝑇𝑍
• If 0 < 𝜂 ≤ 1/ 𝐻 , then lim

𝑘→∞
𝜃 𝑘 = 𝜃∗ =𝜃0 − 𝑍𝐻−1 𝑢 0 − 𝑌

• And the solution is 𝑓 𝜃∗, 𝑥 ≈ 𝑓 𝜃0, 𝑥 + 𝛻𝜃𝑓 𝜃0, 𝑥 , −𝑍𝐻−1 𝑢 0 − 𝑌

• Suppose that on initialization outputs are close to zero: 𝑓 𝜃0, 𝑥𝑖 = 𝑢𝑖 0 ≈ 0
• => 𝒇 𝜽∗, 𝒙 ≈ 𝝓 𝒙 𝑻𝒁𝑯−𝟏𝒀

[1] Hu, W., Li, Z., & Yu, D. (2019). Understanding generalization of deep neural networks trained with noisy labels.
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Reproducing Kernel Hilbert Space (RKHS)1

• RKHS: 𝑓, 𝑔 ∈ 𝑅𝐾𝐻𝑆, | 𝑓 − 𝑔 | is small ⇔ |𝑓 𝑥 − 𝑔 𝑥 | is small for 
all 𝑥

• Representer theorem: 
• If positive-definite real-valued kernel 𝑘: 𝑋 × 𝑋 → ℝ

• If 𝑓∗ = 𝑎𝑟𝑔𝑚𝑖𝑛𝑓∈𝑅𝐾𝐻𝑆 𝐻𝑘[
1

𝑁
 𝐿 𝑥𝑖 , 𝑦𝑖 , 𝑓 𝑥𝑖 ], 

• Then 𝑓∗(⋅) =  𝑖=1
𝑁 𝛼𝑖𝑘(⋅, 𝑥𝑖)

[1] https://en.wikipedia.org/wiki/Reproducing_kernel_Hilbert_space
[2] https://en.wikipedia.org/wiki/Representer_theorem
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NTK: RKHS solution1

• We can do it more elegantly by using RKHS 

• If 𝑓∗ = 𝑎𝑟𝑔𝑚𝑖𝑛𝑓∈𝑅𝐾𝐻𝑆 𝐻𝑘[
1

𝑁
 𝐿 𝑥𝑖 , 𝑦𝑖 , 𝑓 𝑥𝑖 ], then by Representer Th.2 𝑓∗(⋅) =

 𝑖=1
𝑁 𝛼𝑖𝑘(⋅, 𝑥𝑖)
• Then, 𝐿 = 𝑌 − 𝚯𝜶 2 → 𝑚𝑖𝑛, where Θ𝑖𝑗 = 𝑘(𝑥𝑖 , 𝑥𝑗) => 𝜶 = Θ−1𝑌
• And the solution is 𝑓∗ 𝑥 = 𝑘 𝑥, 𝑋 𝑇Θ−1𝑌

• In our case 𝐿 𝜃 =
1

2
 𝑖=1
𝑁 𝜙(𝑥𝑖), 𝜃 − 𝜃0 − 𝑦𝑖

2, it means that we have 
linearization of 𝑓 with the kernel 𝑘 𝑥, 𝑥′ = 𝜙 𝑥 ,𝜙 𝑥′ , where 𝜙 𝑥 =
𝛻𝜃𝑓(𝜃0, 𝑥)
• Note, that 𝑓 𝑥 = 𝑓 ⋅ , 𝑘(⋅, 𝑥) and 𝑘 ⋅, 𝑥 = 𝜙(𝑥)

• Positive definiteness: 𝑧 𝛻𝜃𝑓𝛻𝜃𝑓
𝑇 𝑧𝑇 = 𝑧𝛻𝜃𝑓 𝑧𝛻𝜃𝑓

𝑇 = 𝑧𝛻𝜃𝑓
2
≥ 0

• Then 𝒇∗ 𝒙 = 𝒌 𝒙,𝑿 𝑻𝚯−𝟏𝒀, where 𝚯 = 𝒌 𝑿,𝑿 =
𝜵𝜽𝒇 𝜽𝟎, 𝒙𝒊 𝜵𝜽𝒇 𝜽𝟎, 𝒙𝒋

𝑻

𝒊,𝒋=𝟏

𝑵

• The same as 𝑓 𝜃∗, 𝑥 = 𝜙 𝑥 𝑇𝑍𝐻−1𝑌, where 𝜙 𝑥 𝑇𝑍 =
𝜙 𝑥 𝑇 𝜙 𝑥1 , … , 𝜙 𝑥𝑁 = 𝑘(𝑥, 𝑋), and 𝐻 = 𝑍𝑇𝑍 = Θ
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NTK

• Define Θ(t): ℝ𝑑 × ℝ𝑑 → ℝ𝑐 × ℝ𝑐 as 𝔼𝜃[𝜕𝜃𝑡𝑓 𝑥 𝜕𝜃𝑡𝑓 𝑥′ 𝑇]

• NB: This is not Hessian Matrix! 𝐻 =
𝜕2𝑓

𝜕𝜃𝑖𝜕𝜃𝑗 𝑖,𝑗

• Theorem1: when the width of the layers tend to infinity 𝒏𝒍 → ∞, then 
Θ(0) → Θ∞ , and this 𝜣∞ depends only on:
• DNN depth
• Non-linearity 𝜎
• Variance of the initialization of 𝜃

• Theorem2: for any t, when the width of the layers tend to infinity 
𝒏𝒍 → ∞, then 𝚯(𝐭) → 𝚯(𝟎)
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NTK: formulas

Note: 
- Variation during training of individual activations in the hidden layers shrinks as their width grows
- Overall variation of activations is significant, which allows the parameters of the lower layers to learn
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Specific bounds for NTK
• Previously we have seen only limit theorems

• Later1 it was expanded to more useful estimations layer width (here 
L means number of layers in MLP):
• Initialization:

• Training convergence (need some small positive multiplier to have the 
initial output near 0; here n=N):

[1] Arora, S., Du, S. S., Hu, W., Li, Z., Salakhutdinov, R. R., & Wang, R. (2019). On exact computation with an infinitely wide neural net.

Note: 𝜖~𝑑−
1

4
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CNTK1

• Let input image of size 𝑃 × 𝑄, 
𝐶𝑙 - the number of channels 
on layer 𝑙, convolutional filters 
of size 𝑞 × 𝑞, 𝑐𝜎 - variance of 
𝜎(𝑥)

• Can have the GAP layer at the 
end, but no MaxPooling
layers

[1] Arora, S., Du, S. S., Hu, W., Li, Z., Salakhutdinov, R. R., & Wang, R. (2019). On exact computation with an infinitely wide neural net.
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CNTK: results
• Still 5-6% performance gap between best CNTK and best CNN

• For some depths, CNTK provides better results than CNN
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CNTK: augmentation added1

• CNTK+GAP is equivalent to CNTK with full translation data augmentation 
with wrap-around at the boundary, but such a translation could produce 
unrealistic images => Local Average Pooling (LAP) layer was proposed 
(small translation, e.g. by a few pixels)

• Instead of input augmentation, augmented kernel (under group a group 
𝐺) is proposed:

• Equivariant kernel under a group 𝐺: ∀𝑔 ∈ 𝐺 ⇒ 𝐾 𝑔 𝑥 , 𝑔 𝑥′ =
𝐾(𝑥, 𝑥′)

[1] Li, Z., Wang, R., Yu, D., Du, S. S., Hu, W., Salakhutdinov, R., & Arora, S. (2019). Enhanced convolutional neural tangent kernels.
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CNTK+LAP results

• +4% in comparison to CNTK+GAP w/o preprocessing

• +11% in comparison to CNTK+GAP w/ preprocessing
• Matching AlexNet on CIFAR-10

• Now the strongest classifier which is not the trained CNN

=
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Comparison of architectures under NTK 
regime
• FC < Vanilla CONV < ResNet

• NTK is more precise than NNGP

• Vanilla CONV is better than FC

• ResNet is better than Vanilla CONV

[1] Novak, R., Xiao, L., Hron, J., Lee, J., Alemi, A. A., Sohl-Dickstein, J., & Schoenholz, S. S. (2019). Neural tangents: Fast and easy infinite neural networks in python.

CIFAR-10
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NTK and NNGP connection

• Tl;dr linearized NN behaves as the Gaussian dependent on the NTK Θ

[1] Lee, J., Xiao, L., Schoenholz, S., Bahri, Y., Novak, R., Sohl-Dickstein, J., & Pennington, J. (2019). Wide neural networks of any depth evolve as linear models under gradient descent.

h.c. means “Hermitian conjugate”
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NTK: another estimations

• Tl;dr linearized NN behaves as the Gaussian dependent on the NTK Θ

[1] Lee, J., Xiao, L., Schoenholz, S., Bahri, Y., Novak, R., Sohl-Dickstein, J., & Pennington, J. (2019). Wide neural networks of any depth evolve as linear models under gradient descent.

Note, 𝜖~𝑛−
1

2
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NTK: what about CE-loss1

• Tl;dr no close form solution, only analytical ODE. And numerical solving 
(disaster…)

[1] Lee, J., Xiao, L., Schoenholz, S., Bahri, Y., Novak, R., Sohl-Dickstein, J., & Pennington, J. (2019). Wide neural networks of any depth evolve as linear models under gradient descent.
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NTK: about parametrization
• Tl;dr NTK parametrization can be standardized!

• But why we needed this factor 
1

𝑚
anyway?

[1] Sohl-Dickstein, J., Novak, R., Schoenholz, S. S., & Lee, J. (2020). On the infinite width limit of neural networks with a standard parameterization.
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NTK: about parametrization
• But why we needed this factor 

𝟏

𝒎
anyway?

• Suppose output of some layer is 𝑧 = 𝑧(𝑋, 𝜃) ∈ ℝ𝑑×𝑚, where 𝑑=input dimension, 
𝑚=layer width

• NNGP kernel 𝐾𝑧 = 𝔼𝜃[𝑧𝑖𝑧𝑖
𝑇], NTK kernel Θ𝑧 = 𝔼𝜃[

𝜕𝑧𝑖

𝜕𝜃

𝜕𝑧𝑖

𝜕𝜃

𝑇
], for 𝑖-th neuron: 𝑧𝑖 ∈ ℝ𝑑

• Let 𝑦 =
1

𝑚
𝑧𝑊, where 𝑊 ∈ ℝ𝑚×𝑚, 𝑦 ∈ ℝ𝑑×𝑚

• Then 𝐾𝑦 = 𝔼𝑊,𝜃 𝑦𝑖𝑦𝑖
𝑇 =

1

𝑚
𝔼𝑊,𝜃 𝑧𝑖𝑊𝑊𝑇𝑧𝑖

𝑇 , by i.i.d 𝑁(0,1): 
1

𝑚
𝔼𝑊[𝑊𝑊𝑇] = 𝐼

• => 𝐾𝑦 = 𝔼𝜃 𝑧𝑖𝑧𝑖
𝑇 = 𝐾𝑧, and no dependency on 𝒎 → ∞ !

• The same calculations for Θ𝑦 = 𝐾𝑧 + Θ𝑧
• Note: 

• NTK regime:  𝜃 → 0, Θ = 𝑐𝑜𝑛𝑠𝑡 if 𝑚 → ∞
• Std regime:  𝜃 ≠ 0, Θ → ∞ if 𝑚 → ∞
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NTK: about classification

• How to use MSE loss for classification?

• Approach 1: one-hot encoding 𝑦 = (0,… , 1, … , 0)

• Approach 2: zero-centered one-hot encoding 𝑦 =

(−
1

𝐶
, … ,

𝐶−1

𝐶
, … , −

1

𝐶
), where C=number of classes

• And then.. MSE loss!

25



NTK: sort of Lipschitz smoothness property1

• NTK has the Holder smoothness property

• Let Θ 𝑥, 𝑥′ =< Φ𝑛 𝑥 ,Φ𝑛 𝑥′ >, where 𝑛 = 𝐿 (number of layers)

• Then Holder smoothness property is:

[1] Bietti, A., & Mairal, J. (2019). On the inductive bias of neural tangent kernels. 
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NTH1: Neural Tangent Hierarchy

• NTK vs DNN: about 5% GAP2

• Because in fact NTK is changing 
along training due to the finite 
width effect

• Solution: NTH - infinite 
hierarchy of ODE, which can 
grasp the learning data-
dependent features

• NTH is (here 𝑛 = 𝑁 the 
number of samples and 
𝐾(2) = Θ):

[1] Huang, J., & Yau, H. T. (2019). Dynamics of deep neural networks and neural tangent hierarchy.
[2] Arora, S., Du, S. S., Hu, W., Li, Z., Salakhutdinov, R. R., & Wang, R. (2019). On exact computation with an infinitely wide neural net.
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NTH1: Neural Tangent Hierarchy

• In [2] it has been experimentally noted that change of NTK is about 𝑂(
1

𝑚
), 

where 𝑚 is the layer width, while by theoretical estimations it should be 
𝑂(

1

𝑚
)

• Here we have the theoretical proof of this experimental fact

• Convergence guarantees (𝐿-number of layers) if 𝑚 = 𝑂(𝑛32𝑂 𝐿 ): 

[1] Huang, J., & Yau, H. T. (2019). Dynamics of deep neural networks and neural tangent hierarchy.
[2] Lee, J., Xiao, L., Schoenholz, S., Bahri, Y., Novak, R., Sohl-Dickstein, J., & Pennington, J. (2019). Wide neural networks of any depth evolve as linear models under gradient descent.
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NTK: Finite-width NN and NTK change1

• More rigorous estimation of change of NTK in form of 𝑂(
1

𝑚
)

• Theorem 1: If 
𝐿

𝑚
> 0, then Θ0(𝑥, 𝑥) is not approximately 

deterministic at initialization: 
𝔼 Θ0 𝑥,𝑥 2

𝔼 Θ0 𝑥,𝑥 2 ~𝑒
5𝐿

𝑚(1 + 𝑂
𝐿

𝑚2 )

• Theorem 2: If 
𝐿2

𝑚𝑑
> 0, then Θ𝑡(𝑥, 𝑥) is evolving during training: 

𝔼 𝜕𝑡Θt 𝑥,𝑥
2

𝔼 Θt 𝑥,𝑥
2 ~

𝐿2

𝑚𝑑
𝑒
5𝐿

𝑚(1 + 𝑂
𝐿

𝑚2 )

[1] Hanin, B., & Nica, M. (2019). Finite depth and width corrections to the neural tangent kernel.
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NTK and ResNet1

• Previous theoretical results for ResNets:
• No spurious local optima (all local extremums are close to global)
• Training requires weaker conditions compared with MLP

• More tight requirements on the width of the layer (exponential => 
polynomial):

• Convergence guarantees 𝑚 = 𝑂(𝑛3𝐿2): 

• => For ResNet we can build much more layers (and it is really so!) than for 
usual DNN

[1] Li, Y., Luo, T., & Yip, N. K. (2020). Towards an Understanding of Residual Networks Using Neural Tangent Hierarchy (NTH).
[2] Hardt, M., & Ma, T. (2016). Identity matters in deep learning.
[3] Du, S., Lee, J., Li, H., Wang, L., & Zhai, X. (2019, May). Gradient descent finds global minima of deep neural networks. 
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NTK: real current gap with finite width NN1

• Finite width matters

[1] Samarin, M., Roth, V., & Belius, D. (2020). On the Empirical Neural Tangent Kernel of Standard Finite-Width Convolutional Neural Network Architectures.

CIFAR-10, LeNet
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NTK: training time prediction1

• We can estimate loss for the lazy training regime using NTK:

• And even more efficiently estimate Θ

[1] Zancato, L., Achille, A., Ravichandran, A., Bhotika, R., & Soatto, S. (2020). Predicting Training Time Without Training.
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NTK: text processing and attention1

• NTK with attentions layers
• For CV and text processing tasks

[1] Hron, J., Bahri, Y., Sohl-Dickstein, J., & Novak, R. (2020). Infinite attention: NNGP and NTK for deep attention networks.

Attention layer:
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Neural Tangents: NTK in Python

• Learning path: JAX1 => STAX2 => Neural Tangents3

• JAX: composable functions transformations (e.g., grad or jit)

• STAX: neural net specification library

• NT: NTK! (+NNGP)

[1] https://github.com/google/jax
[2] https://github.com/google/jax/blob/master/jax/experimental/stax.py
[3] https://github.com/google/neural-tangents

Example of STAX CONV NN definition
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https://github.com/google/jax
https://github.com/google/jax/blob/master/jax/experimental/stax.py
https://github.com/google/neural-tangents


Neural Tangents: what can be estimated
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NTK+MSE

NTK+ODE

NTK+Monte-Carlo



Neural Tangents: what is supported and what 
is not
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Challenging problems
1. Million/Billion-sampled training dataset scale (ImageNet)

2. Online Augmentation of any type (not just translation)

3. Other tasks than just regression / classification

4. CE and other losses (not just MSE)

5. Modern layers (BN, MaxPool) and architectures (Vision Transformer)

37
[1] https://iclr.cc/virtual_2020/poster_SklD9yrFPS.html

https://iclr.cc/virtual_2020/poster_SklD9yrFPS.html
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Thanks!


